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Using ab initio methods, we have studied the eletron-phonon interation in ompressed, body-
entered ubi (b) yttrium, whih is predited to be stable at 280 GPa [Melsen et al, Phys. Rev.
B 48, 15574 (1993)℄. We nd that ompressed, b yttrium has a large eletron-phonon oupling
with λ = 1.8, leading to a superonduting transition temperature Tc ≈ 30 K or above. Our results
indiate that the large eletron-phonon oupling is due to the lattie hardening.
Reent experiments on pressure-indued inrease in su-
peronduting transition temperature Tc of yttrium [1℄
seem to suggest an almost ontinuous inrease in Tc with
pressure. With inrease in pressure from ambient to
115 GPa, the strutural hanges [2, 3℄ in yttrium from
hp→Sm-type→dhp→trigonal are aompanied by in-
rease in Tc from 6 mK [4℄ to 20 K [1℄. In ontrast, Tc
inreases with pressure only in the f phase of lithium as
it hanges from b→f→hR1→I16 with pressure going
up to 70 GPa [5℄. Thus, the pressure-indued hanges in
Tc seem to be intimately onneted with the strutural
phase transitions in these metals [6℄.
It has been shown theoretially that yttrium would
stabilize in a b phase above 280 GPa [7℄. Taking a ue
from the experiments on yttrium [1℄, it is not surprising
to expet b yttrium to superondut well above 20 K
at pressures above 280 GPa. However, it is also possible
that in this pressure range yttrium may start to behave
like lithium [5, 8, 9, 10, 11℄.
To further investigate the hanges in the superon-
duting properties of b yttrium, we have used density-
funtional-based methods to alulate its eletroni
struture, lattie-dynamial response and the eletron-
phonon interation. Subsequently, we have solved the
isotropi Eliashberg gap equation to obtain the super-
onduting transition temperature Tc.
Based on our alulations, we nd that ompressed,
b yttrium has a large eletron-phonon oupling with
λ = 1.8, leading to a superonduting transition temper-
ature Tc ≈ 36 K for µ
∗ = 0.25. Suh a large oupling
is a diret onsequene of lattie hardening and its sub-
sequent oupling to Fermi eletrons. We also nd the
eletrons at Fermi energy to have predominantly t2g sym-
metry. Before we desribe our results, we briey outline
the omputational details of our alulations. Further
details an be found in our previous work [12℄ as well as
the referenes therein. The notations used here are that
of our previous work [12℄.
We have alulated the eletroni struture, the
phonon density of states, F (ω), and the Eliashberg fun-
tion, α2F (ω) of b yttrium using full-potential, lin-
ear mun-tin orbital (LMTO) method [13, 14℄. Subse-
quently, we have numerially solved the isotropi Eliash-
berg gap equation [15, 16, 17℄ for a range of µ∗ to obtain
the orresponding Tc.
The lattie onstant a = 5.15 a.u. used in our alu-
lations for b yttrium approximately orresponds to a
ompressed volume equal to 0.31v0, where v0 is the exper-
imentally determined equilibrium volume of hp yttrium
[2, 3, 12℄.
The harge self-onsistent, full-potential, LMTO alu-
lations for b yttrium was arried out with 2κ−energy
panel, 897 k-points in the irreduible wedge of the Bril-
louin zone, and the mun-tin radius for yttrium was
taken to be 2.22 atomi units. The 4s state of yttrium
was treated as a semiore state, while the 4p state was
treated as a valene state. The basis set used onsisted of
s, p, and d orbitals at the yttrium site, and the potential
and the wave funtion were expanded up to lmax = 6.
The Fermi surfae, phonon density of states, and the
Eliashberg funtion of b yttrium were alulated us-
ing the linear response ode based on the full-potential,
LMTOmethod. The Fermi surfae was onstruted using
XCrySDen program [18℄ with eigenvalues alulated on a
48× 48× 48 grid in the reiproal spae. The dynamial
matries and the eletron-phonon matrix elements were
alulated on a 8 × 8 × 8 grid resulting in 29 irreduible
q-points. The Brillouin zone integrations during linear
response alulations were arried out using a 16×16×16
grid of k-points. The Fermi surfae sampling for the eval-
uation of the eletron-phonon matrix elements was done
using a 48 × 48 × 48 grid. Another set of alulations
of self-onsistent harge density, F (ω) and α2F (ω) was
arried out at a lattie onstant a = 5.1987 a.u. using a
6×6×6 grid with 16 irreduible q-points. In this ase, a
12× 12× 12 grid of k-points was used for linear-response
alulations, in onjuntion with a 36 × 36× 36 grid for
Fermi surfae sampling. The mun-tin radius for yt-
trium was taken to be 2.251 atomi units. For visualizing
the harge density within a 5 mRy energy window to the
Fermi energy we used the atomi-sphere-approximation
variant of the LMTO ode [19℄.
In Fig. 1, we show the total and the l -resolved densities
of states (DOS) of b yttrium. For omparison, we have
also inluded the DOS for the hp yttrium [12℄. From
Fig. 1, we see that the pressure-indued pushing out of s-
eletrons is followed by reation of new d -states between
−0.55 Ry and −0.25 Ry to aommodate the s-eletrons.
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Figure 1: The s, p, d and the total densities of states of
b (solid line) and hp (dashed line) yttrium. The vertial
dashed line indiates the Fermi energy.
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Figure 2: The symmetry-resolved d densities of states in b
(top panel) and hp (bottom panel) yttrium. The densities of
states in the top panel orrespond to t2g (xy, yz and zx; solid
line) and eg (x
2
−y2and 3z2−1; dashed line) symmetries, while
in the bottom panel they orrespond to yz (zx; solid line), xy
(x2 − y2; dashed line) and 3z2 − 1 (dotted line) symmetries.
The vertial dashed line indiates the Fermi energy.
The attening of the d -band redues the DOS at the
Fermi energy to 10.03 st/Ry from its hp value of 25.89
st/Ry, with most of the ontributions oming from the
d -states.
It is interesting to onsider the symmetry-resolved d -
DOS, as shown in Fig. 2. Some of the dierenes in the
DOS between the ambient pressure hp phase and the
high-pressure b phase arise due to hange in symmetry
from hexagonal to ubi. In hp phase, the three inde-
pendent d -DOS orresponding to yz (zx), xy (x2 − y2)
and 3z2−1 symmetries have similar bandwidths but some
dierenes in the DOS as a funtion of energy. However,
in b phase the bottom of the doubly degenerate eg
(x2 − y2 and 3z2 − 1) symmetry DOS is almost 0.2 Ry
below the bottom of the triply degenerate t2g (xy, yz and
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Figure 3: The band-struture of b yttrium (solid line) along
high symmetry diretions in the orresponding Brillouin zone.
The horizontal line, passing through the energy zero, indiates
the Fermi energy.
zx) symmetry DOS, indiating transfer of pushed-out s-
eletrons to eg symmetry orbitals. A symmetry-resolved
breakup of DOS at the Fermi energy is 0.40, 1.14, 5.87
and 2.62 st/Ry for s, p, t2g and eg symmetries, respe-
tively.
As a prelude to understanding the Fermi surfae topol-
ogy and the nature of eletrons ontributing to the
eletron-phonon interation, we show in Fig. 3, the alu-
lated band-struture of b yttrium along high symmetry
diretions in the orresponding Brillouin zone. The band
orresponding to 4p state is muh lower in energy, and
hene it is not shown in the gure. Based on Fig. 3 and
an analysis of the eigenvetors (not shown in the gure),
the so-alled fat bands, we nd that the bands rossing
the Fermi energy along Γ-N, N−P and H−P symmetry
diretions have substantial t2g symmetry states, indiat-
ing an important role for these eletrons as far as the
eletron-phonon interation was onerned.
Sine Fermi surfae plays an important role in under-
standing many of the superonduting properties of ma-
terials, we show the alulated Fermi surfae of b yt-
trium in Fig. 4. The Fermi surfae due to band number
1 surrounds Γ point and it has a buket-like struture
around P symmetry point in the reiproal spae. The
seond band has an umbrella-like struture with four-fold
symmetry around N point, in addition to having surfaes
around Γ and P points. It turns out that some of the at
portions in all these surfaes lead to Fermi surfae nest-
ing espeially along N−P and Γ−P symmetry diretions,
the indiations of whih an be seen in Figs. 4 () and
(d), showing the Fermi surfae ut in a plane parallel to
(110) plane. A more detailed analysis is needed to learly
identify all the nesting vetors.
In Fig. 5 we show the harge density within a 5
mRy energy window around the Fermi energy in b yt-
trium, alulated using the tight-binding-LMTO method
as mentioned earlier [19℄. The eg symmetry eletrons
seem to be loalized around the yttrium sites while t2g
eletrons are more spread out and hybridized with the
nearby yttrium atoms. Having desribed the eletroni
3(a) (b)
() (d)
Figure 4: The Fermi surfae of b yttrium in reiproal spae
unit ell orresponding to (a) band number 1, and (b) band
number 2. The Fermi surfae ut on a plane parallel to (110)
plane for () band number 1, and (d) band number 2. The
enter of the ube orresponds to the Γ point.
struture of b yttrium, we turn to its lattie-dynamial
response and how the phonons ouple to eletrons lose
to Fermi energy.
Our alulated phonon density of states F (ω) and the
Eliashberg funtion α2F (ω) of b yttrium are shown in
Fig. 6, where we also show the orresponding values for
hp yttrium taken from our earlier work [12℄. In the in-
sets of Fig. 6, we show the variations of ω and λqν of b
yttrium along Γ-N diretion. A omparison of F (ω) of
b yttrium with that of hp yttrium learly shows the
hardening of the b lattie, whih has beome almost
three times as hard. Some of the signiant additions
to F (ω) of b yttrium take plae around the peak at
59 meV, the peak itself arising out of the displaement
of yttrium atoms with omponents in all the three dire-
tions. We also nd that the phonon mode (with displae-
ment having omponents along +y and −z diretions)
in b yttrium along Γ-N diretion softens to 9 meV at
q = (0.0, 0.375, 0.375) in units of 2pi/a, and it has a value
of 12.6 meV at the N symmetry point. Phonon softening
in f yttrium is disussed by Yin et al. [20℄.
The pressure-indued inrease in α2F (ω) in yttrium,
aompanied by strutural phase transformations, seems
to arise from the enhanement of ontributions from ex-
isting modes and oupling strongly to the newly reated
modes. For example, the peaks around 23 and 27 meV
are reated in the dhp phase and they beome muh
stronger in the b phase, while the peak at 59 meV
is reated in the b phase. As a result, the average
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Figure 5: The isosurfaes and ontours of harge density
within a 5 mRy energy window around the Fermi energy in
b yttrium. The values of the isosurfaes are (a) 3.5 and (b)
4.5 in units of 10−2[e/a.u.3], whih is also the unit used in ()
and (d).
eletron-phonon oupling onstant λ inreases from 0.46
in hp yttrium to 1.8 in b yttrium.
Somewhat surprisingly, we nd that the largest ontri-
bution of λqν ≈ 5 to λq = 5.9 omes from the phonon
mode along Γ-N diretion with q as mentioned above. At
N symmetry point, the same mode ontributes λqν ≈ 2.9
to λq = 5.2. Smaller ontributions with λqν > 1 also
ome from q-points lying lose to Γ−P diretion and
to-wards H point. The fat that the smaller regions in
reiproal spae make substantial ontributions to the
eletron-phonon oupling, a preise determination of λ
using a uniform q-grid beomes omputationally di-
ult. Sine most of these ontributions ome from the
low energy phonons, it is not expeted to have a signi-
ant eet on the determination of Tc. To illustrate the
point, we also show in Fig. 6, the F (ω) and α2F (ω) of
b yttrium alulated at the lattie onstant a = 5.1987
a.u. as desribed earlier. Not surprisingly, the dierene
in λ, resulting from the two sets of alulations, is more
pronouned in 15-25 meV region.
The most important result of the present work is ob-
tained by solving numerially the isotropi gap equation
[16, 17℄ using the alulated Eliashberg funtion α2F (ω).
The results of suh a alulation for b yttrium as a
funtion of µ∗ is shown in Fig. 7. We nd that for µ∗
ranging from 0.1 to 0.25, the Tc values range from 47.7
to 36.8 K. A omparison of our alulated Tc, inlud-
ing the ones desribed in Ref. [12℄, with experiment is
shown in Fig. 7. Thus, the present work learly shows
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Figure 6: The phonon density of states F (ω) (top panel) and
the Eliashberg funtion α2F (ω) (bottom panel) of b (solid
line) and hp (dashed line) yttrium. The dotted line in the
two panels show F (ω) and α2F (ω) of b yttrium at a =
5.1987 a.u., respetively. The two insets show ω and λqν(for
the lowest mode) along Γ-N diretion. In the top panel, the
phonon density of states of hp yttrium has been redued by
a fator of 4 for larity.
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Figure 7: The alulated Tc (solid irles) as a funtion of µ
∗
(left panel) and v/v0 (right panel). Experimentally observed
Tc (open squares), taken from Ref. [1℄, are also shown in the
right panel. The alulated Tc for hp and dhp phases of
yttrium are taken from Ref. [12℄.
the possibility of a Tc of 30 K or above for ompressed,
b yttrium.
In onlusion, we have shown that ompressed, b
yttrium has a large eletron-phonon oupling with λ =
1.8, leading to a superonduting transition temperature
Tc ≈ 30K or above. We have also shown that suh a large
oupling is a diret onsequene of lattie hardening and
its subsequent oupling to Fermi eletrons.
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